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Abstract. Let (M, g, a) be a compact Riemmannian surface equipped with a spin structure a. For any 
metric g on M, we denote by fii(g) (resp. Ai(g)) the first positive eigenvalue of the Laplacian (resp. the 
Dirac operator) with respect to the metric g. In this paper, we show that 



inf 



Ai(9) 2 



f 



«(§) 2 

where the infimum is taken over the metrics g conformal to g. This answer a question asked by Agricola, 
Ammann and Friedrich in IAAF99I . 
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1. Introduction 

Let (M, <?, a) be a compact Riemannian surface equipped with a spin structure a. For any metric g on M, 
we denote by T, g M the spinor bundle associated to g. We let Ag be the Laplace-Beltrami operator acting 
on smooth functions of M and Dg be the Dirac operator acting on smooth spinor fields with respect to 
the metric g. We also denote by m(g) (resp. \i(g)) the smallest positive eigenvalue of (resp. Dg). 
Agricola, Ammann and Friedrich asked the following question in |A AF99j : 

When M is a two dimensional torus, can we find on M a Riemannian metric g for which Ai (g) 2 < Hi(g) ? 

The main goal of this article is to answer this question. We prove the 
Theorem 1.1. There exists a family of metrics (<? e ) E conformal to g for which 

limsupAi( 5£ ) 2 Vol ffe (M) sC 4tt 



liminf /ii(<? E )Vbl Se (M) > 8tt. 



Date: February 8, 2008. 

1 grosjean@iecn.u-nancy.fr, humbert@iecn.u-nancy.fr 



1 



2 



J.F. GROSJEAN ET E. HUMBERT 



Theorem II I II clearly answers the question of AAF99 but says much more: first, the result is true on any 
compact Riemannian surface equipped with a spin structure and not only when M is a two-dimensional 
torus. In addition, the metric g can be chosen in a given conformal class. Finally, this metric g can be 
chosen such that (2 — 8)\i(g) 2 < /J,%(g) where 5 > is arbitrary small. More precisely Theorem 11.11 shows 

Corollary 1.2. On any compact Riemannian surface (M,g), we have 

inf^i 

where the infimum is taken over the metric g conformal to g. 
Theorem 1 1 . 1 1 has other interesting consequences. Indeed, it proves 

Corollary 1.3. For any compact surface (M,g) equipped with a spin structure a, we let 

A+ ta (M, fl ,«7) = infA 1 (s)Vol|(M) 

where the infimum is taken over the metrics g conformal to g. Then, we have A^ in (M, g,a) ^ A^ in (§ 2 ) 
where A+ in (§ 2 ) is the same invariant computed on the standard sphere § . 

This corollary is an immediate consequence of the fact that A+ in (S 2 ) = 20F (see |AHM03| ). This result 
was announced in |A BM 03| ■ The conformal invariant A^ in has been studied in many papers (see for 
example | Hii86| ILot861 IBar92l lAmm031 IATTM031 lA"H06] ). Indeed, it has many relations with Yamabe 
problem (see |LP87] '). Corollary 11.31 has been proved in all dimensions by Ammann in |Amm03| if 
either n ^ 3 or is D is invertible. Corollary II .31 extends the result to the remaining case: n = 2 and 
Ker(D) ^ {0}. In IAHM03j , an alternative proof of the case n > 3 is given and the proof of the case 
n = 2 is skectched. 

In the same spirit, a consequence of Theorem II. II is 
Corollary 1.4. For any compact surface (M,g), we let 

1 

li sup (M,g) = sup/ii(<?)Volf (M) 

where the infimum is taken over the metrics g conformal to g. Then, we have /x sup (M, g) ^ /i S up(§ 2 ) 
where // S up(§ 2 ) is the same invariant computed on the standard sphere § 2 . 

The invariant fi sup has been studied in |CoES03j and Corollary O is a particular case of Theorem A in 
this paper. We obtain here another proof. 



Acknowledgement: The authors are very grateful to Bernd Ammann for having drawn our attention to 
the question in |A"AF99 . 

2. Generalized metrics 
Let / be a smooth positive function and set g = f 2 g. Let also for u € C°°(M) 



j M U 2 dVg 

It is well known that /^i(<?) = m£Ig(u) where the infimum is taken over the smooth non-zero functions 
u for which J M udvg = 0. We now can write all these expressions in the metric g. We then see that for 

u G C°°(M), we have 



J u 2 f 2 dv g 



and fii(g) = ini Ig(u) where the infimum is taken over the smooth non-zero functions u for which 
J M uf 2 dv g = 0. Now if / is only of class C°' a (M) for some a > 0, we can define g = f 2 g. The 2- 
form g is not really a metric since / is not smooth. We then say that g is a generalized metric. We can 
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define the first eigenvalue ^i(g) of Ag using the definition above. Now, by standard methods, one sees 
that there exists a function u e C 2 (M) with J M uf 2 dv g — and such that Ig(u) = fJ,i(g). Writing the 
Euler equation for u, we see that 

AgU^fiimfu. (1) 

We prove the following result 

Lemma 2.1. If (/„) is a sequence of smooth positive functions which converges uniformily to f , then 
Ml(/n3) tends to fii(g). 



Proof. Let u n be a eigenfunction function associated to ni(f 2 g). Without loss of generality, we can 



assume that f u 2 n f 2 = 1. We set = u n 

JM 



u n f 2 dv g 



M 



We have 



fdVg 



Vv n \ 2 dv„ = / \\7u n \ 2 dv„ = / u n A„u n dv 



We then have / v n f dv g = and hence 

JM 



(2) 



M 



M 



A I 



By equation 0), we get that 



M 



\Wv n \ 2 dv g = M/nfl 1 ) / iWndvg = n\{flg). 



(3) 



A I 



We also have 



A I 



A I 



u n f 2 dv g 



A I 



A I 



fdVg 



Now, 



A I 



u n f 2 dv g 



A I 



Un(f ~ fl)dv g 



<c \ Un \(f + f n y || f-u\\ 

M 



Since the sequence (f n ) n tends uniformly to / and since / f n u n dv g — 1, we get that lim n / u n f dv g 

J ai Jai 

0. In the same way, 



A I 



f 2 uidv g = f 2 u" n dv g + 0(1) = 1 + 0(1). 



A I 



Finally, we obtain 



A I 



f 2 V 2 n dVg = 1 + 0(1). 



Together with J5J and 0, we obtain that fXi(g) ^ liminf n n\(f 2 g). Now, let u be associated to Hi(g) 

IJ g 

We have 

J At 



and set v = u — 



ufldvg 



fndVg 



We have / v 2 f 2 dv g — and hence 



M 



Mi (fig) < If*g{v)- 

It is easy to see that \\m. n I f2 g (v) = Ig(u) = ni(g). We then obtain that 5? limsup„ fxi(f 2 g). This 

proves Lemma l2~Tl □ 
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In the same way, if g = f 2 g is a metric conformal to g where / is positive and smooth, we define 

JM 



DgTp,lfj}gdVg 

M 



The first eigenvalue of the Dirac operator Dg is then given by X{(g) = mi J'g{ip) where the infimum 
is taken over the smooth spinor fields tp for which f M (D g ij},ip}dvg > 0. Now, it is well known (see 
Hit74f |Hij01| ) that where can identify isometrically on each fiber spinor fields for the metric g and spinor 
fields for the metric g. Moreover, we have for all smooth spinor field: 

Dg(f-^j)=f-?Dgtlj. 

This implies that if we set ip = f~^tp, we have 

/ iDg^f-'dVg 

JM = 4W0 

/ {Dgip,Lp)dVg 

JM 

and the first eigenvalue of the Dirac operator Dg is given by Xi(g) = inf Jg(<p) where the infimum is 

taken over the smooth spinor fields tp for which / (Dip, <p)dv g > 0. With the definition above, we can 

Jm 

extend the definition of Ai(<?) when g is a generalised metric. By standard methods, there exists a spinor 
fields <p € C 1 (M) such that (g) — Jg(*p) and such that 

D g tp = \+(g)f<p. (4) 

We then have a result similar to Lemma \'2. II 

Lemma 2.2. // (/„) is a sequence of smooth positive functions which converges uniformly to f, then 
Ai(/^3) tends to Ai(g). 

The proof is similar to the one of Lemma 12. II and we omit it here. 

3. The metrics {g a ,e) a ,e 
In this paragraph, we construct the metrics (g a ,e)a.s which will satisfy: 

lim sup Ai (g aie ) 2 Vol ga e (M) «C 4tt + C(a) (5) 

e— 

where C(a) is a positive constant which goes to with a and 

liminf m(g atS )Volg ae (M) > 8n. (6) 

s— >0 

Clearly this implies Theorem 11.11 By Lemmas 12.11 and 12.21 one can assume that the metrics (g a ,e)a,e 
are generalized metrics. We just have to define the volume of M for generalized metric by Vol/2 ff (M) = 
J M f 2 dv g . At first, without loss of generality, we can assume that g is flat near a point p € M . Let a > 
be a small number to be fixed later such that g is fiat on B p (a). We set for all x £ M and e > 0, 



fa,s( x ) = 



2 if r ^ a 
-j^ — j if r > a 



[_ s 2 +a 2 

where r = d g (.,p). The function / a e is of class C 0, ° for all a g]0, 1[ and is positive on M. We then 
define for all e > 0, g a . £ = f 2 s g. The 2-forms (g a ,e)a,ep will be the desired generalized metrics. For these 
metrics, we have 

Vol flQ , e (M)= / fl e dv B = [ fLdv g + [ fl.edvg. 

JM JB p (a) JM\B p (a) 
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Since g is flat on B p (a), we have 



2?r r a £ 4 r 



f a .e dv 9 = / / / 9 I o.9 drde - 



B p (a) JO JO \ £ + r ) 

Setting y = | we obtain: 

/*,<«, ^ = 2?r£2 f 0T^ dr = 2n£2 {C J^Y dr + = n£2 + ° (£2) - 

Since f 2 e < ^ on M \ we have $ M \ Bp{a) /a, e dw g = o(e 2 ). We obtain 

Vol Se (M) = irs 2 + o(e 2 ). (7) 
In the whole paper, the notation "o(.)" must be understood as e tends to 0. 



4. Proof of relation ^ 



Let / : R 2 — > R 2 be defined by /(a;) = r+^jp- Let ipo be a non-zero parallel spinor field on M. 2 such that 



\ip a \ 2 = 1. As in AHM03], we set on : 



t/>(x) =/5(af)(l-a:) • V»o- 



As easily computed, we have on . 



Dip — ftp and \%jj\ = f 2 . 



(8) 



Now, we fixe a small number 6 > such that 5 is flat on B p (S). Then, we take e ^ a ^ 5. We will let e 
goes to 0. We let also 77 be a smooth cut-off function defined on M such that ^ rj ^ 1, r)(B p (S)) = {1}, 
r)(M \ B p (2S)) = {0}. Identifying B p (8) in M with Bq(S) in K 2 , we can define a smooth spinor field on 
M by tp e = r](x)il) (f ). Using JSJl, we have 

^) = V ^^(f)+f/(f)^(f)- 



Since (V?? • V>(f ), VKf )) e * an d since |D g ^£i 



e \e> 
we have 



(9) 



/ \D g ^ e \ 2 f-ldv g = I 1+ I 2 



(10) 



where 



h = 



M 



|Vr7| 2 |^(f) 



dx and A 



M 



/" (!)!*(!) I «*. 



At first, let us deal with I\. By J5J), 



h<C [ f (-) f-^dx = C [ f(*)f-i dx + C 



B p {2S)\B p (a) 



'(f) & 



dx 



where, as in the following, C denotes a constant independant of a and e. On B p (a), f (|) f a \ = 2. 
Hence, 



/ / (7) &x < Ca\ 



On B P (2S) \ B p (a), since e ^ a, 
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Hence, 



B p {2S)\B p (a) 



/(-)/-> < %- 



2 f2ir r S 



J a (!+(§)') 



-drde 



< 8?ra 2 In 



(1 + r 2 ) 



6 2 



We get 



Finally, we obtain 



B p (2S)\B p (a) 



^ Ca In 



2^ 

a 2 



2<5 2 

2i < Ca 2 + C In ( — I = a(a) 



where a(a) goes to with a. Now, by JHJ, 

h < C / / 3 (~ J^ds. 



Since / a , E > |/(| ), we have 



/ 2 < -TT 



/ 2 (-)^- 

B p (25) £ 



Mimicking what we did to get Q, we obtain that 

h < 8tt + o(l) 

when e tends to 0. Together with (|10|l and pi|l. we obtain 



M 



dv„ 



By ©, this gives 

/ (D g We),4>e)dv g = I 

Jm Jm £ V£/ 

With the computations made above, it follows that 

/ (D g (ip e ) , ips)dv g = 4tt£ + o(e) . 

JM 

Together with l(T2")l and @, we obtain 

X 1 ( 9a , i) ) 2 Vol ga jM) < (^,,(^)) 2 Vo1 Sq ,,(M) < ^ + + »< ] ! ' ~ 



(11) 



(12) 



In the same way, by ©, since / (D g (tp £ ), ip £ )dv g € K and since (Vrj • tp(-), ip(-)) £ we have 

■/ •; 

(D g {^)^)dv g = [ t.f(l\ ~ 



V 47T£ + o(£) 



(7T£ 2 +o(£ 2 )) = - (47T + o(a) + 0(1)) 



Relation JSJ immcdiatly follows. 
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5. Proof of relation © 

First we need the following estimate 

Lemma 5.1. For any e > and u £ C^°{B p (a)), then 

L " v « <*■ 4 L ' v »' 2 *'» + h (/„ < ' 

Proof. Let g e = f 2 £ g. Then (£? p (a), g £ ) is embedded in a canonical sphere of volume / ( — - J dx 

Jm 2 \ £ + r ) 

ire 2 . Then from the Poincare-Sobolev inequality, we have 

u 2 dvg E ^ — !— f \V £ u\ 2 n dv n ^ + -^r ( f udv n 



<M Ml,e JM v e \Jm 

where fii e = is the first nonzero eigenvalue of the Laplacian on the sphere of volume V E — ne 



and V £ u denotes the gradient of u with respect to the metric g e . Now since |V e m|^ = /o,e|Vu|g and 



dvg E = f 2 e dv g , we get the desired result. 



Lemma 5.2. For any u,v S C°°(M), we have 



□ 



(Au)uv 2 dv g = / \S7(uv)\ 2 gdvg - / u 2 \S7v\ 2 dv g . 
m Jm Jm 



Proof. The proof is an elementary calculation. 



Because of the relation (JJJ), the inequality JHJ) is equivalent to the following 



□ 



liminf > -8 (13) 

e >0 

In order to prove this inequality, we assume that for any e small enough, there exists fc, < k < 1 so that 



M&) < — k. (14) 

Let u £ be an eigenfunction associated to fj,i(g £ ). Then u e G C 2 (M) and A ge u e = /ii(g e )u e where A ffe 
denotes the Laplacian associated to the metric g e . Since the dimension is 2, A„ e = -J— A and 

Au s = (j,i(g e )f^ e u s . (15) 

We normalize u E so that ||u e || ff 2 — 1. Up to a subsequence we can assume that / \Vu e \ 2 dv g — > I and 

1 Jm 

/ u 2 dvg — > Z' with l + V = 1. Since (u s ) is bounded in H 2 , there exists a subsequence so that u e — > u 
Jm 

weakly in H 2 . In the following, all the convergences are up to subsequence. We sometimes omit to recall 
this fact. 

Lemma 5.3. There exists a constant cq such that u = cq. 
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Proof. Let tp e C°°{M) and 



1 on £? P (/o) 
r/p : ~ 1 on M\B p (2p) 



satisfying ^ r] p ^ 1 and |V?7p| < ~. We have 



(Vu,V<p)= / (Vu,V(77 P ^))dw s + / (Vu,V((l-r) p )ip))dv g . 

M JM JM 



(16) 



Now we have 



(Vu,\7(r] p ip))dvg = / (\7u,\7r] p )ipdvg + / (Vu,Vip)ri p dv g 

\l JM JM 

1/2 , v 1/2 

= r| / |Vu| 2 d«„) I / iv^l 2 ^ I 



B p (2p) 



B p (2p) 



1/2 



IVurrfu„ 



S p (2p) 



1/2 



B p (2p) 



The limit of the last term is when p — > 0. Moreover from the definition of rj p and from the fact that M 

(t V /2 

is a 2-dimensional locally flat domain, the limit of / |V?7 P | 2 (iw g is bounded in a neighborhood 

\JB P (2 P ) J 



of 0. Then we deduce that 



M 



(Vu,V(r] P <p))dv g — >0 



(17) 



when p — > 0. On the other hand 



M 



(Vu,V((l-»fo)¥0)du t 



Urn 

6 >0 



lim 

£ >0 



= lim 

e >0 



(Vw e) V((l-r?p)^))d« £ 



(Au e )(l - r]p)tpdv g 



M 



M 



Now from the definition of f a , £ and from (|14(1 we get 



M 



^ —kCe 

£ \jm 



u e dv g 



1/2 



A/ 



(1 - r lp ) l P 2 dv i 



1/2 



where C is a constant depending on the compact support of (1 — r) p )ip. Then making e — > 0, we deduce 
that 



(Vu, v ((i - <n P )<p))dv g = o. 
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Now, reporting this and H17|) in (|16|) we obtain that / (Vu, *\7ip)dv g = and Au = on M in the sense 

Jm 



I M 

of distributions. This implies that u = cq on M for a constant cq. 



Lemma 5.4. Let (c e ) e be a bounded sequence of real numbers. Then 

[ fl £ u 2 dv g ^O(e 2 \\u £ -c £ \\ 2 L2 +e 4 ). 
Jm 

Proof. Let rj be a C°° function defined on M so that 



□ 



?7 := 



_ Jl on B p {a/2) 
on M\B p (a) 



satisfying ^ ?/ ^ 1 and |V?7| ^ 1. 
From the lemma I^Tl we have 



/ (U £ ~ C e ) 2 /2 £ 77 2 ^ ff < ^ / |V((W E - C £ ) V )\ 2 dv g + -L f / - C,)^/ 2 du 

and applying the lemma 1531 to the first term of the right hand side, we get 



(u £ - c £ ) 2 f 2 £ r) 2 dv g ^ 



M 

e 2 



M 



(A(u £ - c £ ))(u E - c e )ri 2 dv g + £ — ( K- c e ) 2 \Vrfdv g + ^—(f (u e - c £ ^f 2 a e dv g 



From ljT5)l we deduce that 

(u E - c £ ) 2 f 2 a£ r} 2 dv g < 



a/ 



^-Mi(Se) / ~ c £ )i] 2 f 2 £ dv g + ^-\\u e - C £ || 2 2 + ~K ( [ (u e - c £ )r]f 2 £ dv g 

8 Jm 8 n£ \Jm 

First case : assume that / u £ (u £ — c £ )i] 2 f 2 E dv g 0. 

Jm 

The relation 114JI implies 

/ (u £ - c e ) 2 fl £ ifdv g ^k ( u e {u £ -c e )rj 2 fl £ dv g + ^-\\u e -c £ \\ 2 L2 + -^ I ([ (u E - c e )r)f%dVg) 
Jm Jm 8 n£ \Jm J 

A straightforward computation shows that 



(l-k)l uif 2 , £V 2 dv g + ci fi £ V 2 dv g ^ 

Jm 

(2 - k)c £ [ u £ f 2 a ^ 2 dv g + i| Ue - c £ \\ 2 L2 + -L ( [ (« e - c^f^dvg) 
Jm 8 to \Jm / 



(18) 



Now note that 
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M e/ Q , £ ?7 dv g = / u s f ajE (r) - l)dv g + / u e f dv g 

M JM JM 

= I u e fl (r] 2 - l)dv g H p-^r / Au e dw ff 

= / u e fl t£ (r] 2 - l)dv g 

JM 

JM\B p {a/2) 

and from the definition of / Q s and 77 and from the fact that u e is bounded in L 2 , we deduce that 



Ujl^dVg = 0(S 4 ). 



e'l 

M 



Since c e is bounded (|18|l becomes 



2 

9 



(1-fc)/ ulflrfdvg+cl f f v 2 dv g ^O(e^ + Uu e -c e f L2 + ^([ (u E -c E ) V fl E dv 

= 0( £ 4 ) + ^|| U£ - C£ || 2 L2 + ^ C f f u 5 {r,-l)dv g +( f 2 , £ u £ dv g -c e [ fl eV ) 



2 



0(e 4 ) + J K - Celli, + A f / /2,««*C»? - " ^ / (19) 

8 7T£ \JM JM / 



where in the last equality we have used the fact that f f 2 £ u £ dv g = — - — - f Au £ dv g = 0. 

JM ' ^l\9e)jM 

Using the same arguments as above we see that / f 2 £ u £ (r] — l)dv g = 0(e 4 ). Reporting this in (|19(l we 

JM 



(1-fc)/ u 2 fi £V 2 dv g +c 2 [ f 2 £V 2 dv g ^O(e 4 )+^\\u £ ~c £ \\ 2 L2 + ^fi / , „.„...„ — .,„.„...„ 

JM JM 8 £ JM 7T£ \JM 



fleVdv g +-^ / fZ e r)dv 



Now 



f f 27T f a e 4 r 

fleVdvg = / f a , E dv g = / drdQ 
m J B p (a) Jo Jo {e 2 +r 2 y 



2 



na/e ^ 

=2n£2 L 

r+00 t 



This gives 
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( 1 - /.-) / uif^ffdvg + ci I fi e r?dv g < 0(e 4 ) + U\u £ - c e \\ 2 L2 + 4j ( f %, e vdv g ) 
m ' Jm ° \Jm J 

e 2 



0(e A ) + -\\u £ -c £ \\ 2 L2 +c 2 £ / fl eV dv B 
° Jm 



Finally we have 



(1 - k) I u 2 fl E r, 2 dv g < 0(e 4 ) + -|K - c e f L2 + c 2 £ / f 2 a J V - r, 2 )dv g 

M 8 JM 

<0(£ 4 ) + ^|| U£ _ C£ ||2 2+c 2 /• ; 2 ^ 

8 J B p (a)\B p ( a /2) 

= {E i ) + £ ^\\u e -c e f L ,. (2 



Second case : Assume that / u e {u e — c e )rj 2 f 2 £ dv g $J 

Jm 



In this case, we have 



/ u 2 e fl e rfdv g - 2c e / u £ f 2 £ n 2 dv g + c 2 £ fl, e V 2 dv g < 
Jm Jm Jm 



' m Jm Jm 

0(e 4 ) + j|K - c £ \\ 2 L2 + -L (7 ( W£ _ cOfj/^dv,) (2 

and we conclude as in the previous case. 
Then we have proved that 



u 2 Jl er] 2 dv g = 0(e 4 + e 2 \\u £ -c e \\ 2 L2 ). 

M 



To finish the proof, we write 



u ef a ,e dv 9 = / u sL,eV dv g + / U e f a<E {l - 7] )dv g 

m Jm Jm 

and the last term is 0(e 4 ) which completes the proof. 



Proof, of Relation f J3|). First we apply the lemma l^^l to c £ = Co and we see that cq ^ 0. Indeed, let 
compute the L 2 -norm of the gradient of u e . 



[ \Vu £ \ 2 dv g = [ (Au £ )u £ dv g ^ ^ f f 2 £ u £ dv g 
jm jm £ Jm 

= ^0(e 2 \\u s -c a \\ 2 L2 +e i ) 



= o(l). 

Then we deduce that up to a subsequence 



12 



J.F. GROSJEAN ET E. HUMBERT 



M 



\Vu E Ydv g ► 0. 



But we have chosen u £ so that ||tt £ || ff 2 = 1. Then ||u e || i 2 — > 1 and cq =/= 0. 

Now let us consider u £ = ^„J a n / u e dv a and a £ = \\u £ — u £ \\ H 2 . Then u £ — > cq and a £ — ► 0. It follows 



YoUM) I u edv g and a £ = \\u £ -u 
I M 



that the function v £ = Uc a Uc satisfies ||v e ||#2 = 1 and there exists v € H 2 so that v £ — > v weakly in H 2 
and strongly in L 2 . 

To prove (|13fl we will consider two cases. 

First case : Assume that up to a subsequence a £ = 0(e). 

We have 



(Au e ) dv g = fj,i(g e ) / f a£ u £ dv g 

M JM 



< Mi(.9e) / fi, £ uldv g 

JM 

^^0(e 2 \\u £ -u £ \\ 2 L 2+e*) 

^0{e 2 a 2 £+ e±) 
^ M. 

Then ||Au e ||i2, ||Vw e ||£2 and ||m £ ||£2 are bounded. It well known that the norms 

|| v \\:=\\ Av \\ L 2 + || Vv \\ L 2 + || v \\ L 2 

and || v \\ H 2 are equivalent (it is a direct consequence of Bochner formula). Hence, this implies that 
(u £ ) £ is bounded in H 2 which is embedded in C . Then u £ — > cq uniformily up to a subsequence. Since 
Co 7^ it follows that for e small enough u £ has a constant sign, which is not possible because u £ is an 
eigenfunction in the metric g £ . 

Second case : Assume that e — a £ o(l). In this case we have the 
Lemma 5.5. v £ — > c\ in H 2 where c\ is a constant. 

Proof. The proof is similar to this of lemma I5"51 Indeed we consider <p 6 C°°(M) and the function r\ p 
defined in this previous proof. Then 



M 



(Vv,V<p)= (Vv,V(ri P <p))dvg+ (Vv,V((l-r) p )<p))dv : 



M 



By the same arguments we have / (Vu, W(rj p ip))dv g — ► when p — > 0. Moreover 

Jm 



M 



(Vv,V((l-r) p )<p))dv g 



lim 



lim 

e >0 



lim 

e >0 



M 



(V Ue ,V((l-77 p )^))dz; £ 



M 



(Au e )(l - r] p )^dv i 



Ml(Se) 



l e JM 



fl,e v e{^-Vp) ( pdv {i 
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Now 



Jm \Jm 



1/2 



Since e = a e o(l), we de- 



duce that 



M 



(Vv,V ((1 - T] P )v))dv g 



distributions and v — c\ on M . 



— and then / (Vv,Vip) = 0. Therefore Aw = in sense of 
Jm 



□ 



Now let c £ — u £ + a e c\. Then c £ — ► cq. We denotes by n(g) the smallest positive eigenvalue of the 
Laplacian with respect to the metric g. From the definition of a £ and the definition of (J,(g), we have 




/ fl £ u 2 £ dv g = 0(s 2 \\u £ ~ c e \\ 2 L2 + e 4 ) 
Jm 

= 0(e 2 \\u e - u £ ~ a eCl \\ 2 L 2 +e 4 ) 







2 




12 2 


u £ — u £ 






\a £ e 


Ci 










L 2 





0(a 2 £ e 2 \\v £ - Cl \\ 2 L2 + e 4 ) 
0{e A )+o{a 2 £ e 2 ). 



Now reporting this in (|22|) with the estimate (|14|) we find 



a 2 e ^C^(0(e 4 )+o(a 2 £ s 2 )) 
= 0{e 2 )+a 2 e o{l). 

But e = a £ o(l). Then a 2 ^ Ca 2 o(l) and for e small enough a £ = and u £ is a constant which is 
impossible. 

□ 
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